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Context

Q. What is a combinational circuit?

A. A digital circuit (all signals are 0 or 1) with no feedback (no loops).

analog circuit: signals vary continuously sequential circuit: loops allowed (stay tuned)

Q. Why combinational circuits?

A. Accurate, reliable, general purpose, fast, cheap.

Basic abstractions
* On and off.
e Wire: propagates on/off value.
e Switch: controls propagation of on/off values through wires.

Applications. Smartphone, tablet, game controller, antilock brakes, microprocessor, ...



Wires

Wires propagate on/off values
* ON (1): connected to power.
* OFF (0): not connected to power.
e Any wire connected to a wire that is ON is also ON.
* Drawing convention: "flow" from top, left to bottom, right.

thick wires are ON

[ — 1

power /

connection

thin wires are OFF



Controlled Switch

Switches control propagation of on/off values through wires.
* Simplest case involves two connections: control (input) and output.
e control OFF: output ON
e control ON: output OFF

control input OFF control input ON

&

| |
%4— output ON

output OFF



Controlled Switch

Switches control propagation of on/off values through wires.
» General case involves three connections: control input, data input and output.
e control OFF: output is connected to input
e control ON: output is disconnected from input

control input OFF control input ON

| |

4

data input OFF > \U < output OFF data input OFF > v < output OFF
control input OFF control input ON
data input ON %% <«<—— output ON data input ON ﬁ@ < output OFF

Idealized model of pass transistors found in real integrated circuits.



Controlled switch: example implementation

A relay is a physical device that controls a switch with a magnet
e 3 connections: input, output, control.
* Magnetic force pulls on a contact that cuts electrical flow.

schematic

control off
magnet
(off)
contact
<«—spring
0 0

0—|—o 1+1

control on
magnet on
pulls
connection contact up
broken
N
1: 1

o—f—0 remd—o0



First level of abstraction

Switches and wires model provides separation between
physical world and logical world.

* We assume that switches operate as specified.

e That is the only assumption.

e Physical realization of switch is irrelevant to design.

Physical realization dictates performance
e Size.
* Speed.
e Power.

New technology immediately gives new computer.

Better switch? Better computer.

all built with
Basis of Moore's law. switches and gl



Switches and wires: a first level of abstraction

technology switch

technolo “information” switch
gy f relay

(1940s)

pneumatic air pressure
vacuum tube

fluid water transistor
pressure
“pass transistor” in I
integrated circuit
relay electric
(now) potential _
atom-thick
transistor

Amusing attempts that do not
scale but prove the point Real-world examples that prove the point



Switches and wires: a first level of abstraction

VLSI = Very Large Scale Integration

Technology
Deposit materials on substrate.

Key properties
Lines are wires.

Certain crossing lines are controlled switches.

Key challenge in physical world
Fabricating physical circuits with
billions of wires and controlled switches

Key challenge in “abstract” world
Understanding behavior of circuits with
billions of wires and controlled switches

Bottom line. Circuit = Drawing (!)



Circuit anatomy

connected 2
wires

/ BES
crossing 2

wires )ﬁ
| | |

switch

Need more levels of abstraction
to understand circuit behavior



Image sources

http://upload.wikimedia.org/wikipedia/commons/f/f4/1965_c1960s_vacuum_tube%2C_7025A-12AX7A%2C_QC%2C_Philips%2C_Great_Britain.jpg
http://electronics.howstuffworks.com/relay.htm

CS.19.A.Circuits.Basics



COMPUTER SCIENCE

SEDGEWICK/WAYNE
PART II: ALGORITHMS, MACHINES, and THEORY

19. Combinational Circuits

* Building blocks

* Boolean algebra

e Digital circuits

e Adder circuit

e Arithmetic/logic unit

CS.19.B.Circuits.Algebra



Boolean algebra

Developed by George Boole in 1840s to study logic problems
* Variables represent true or false (1 or O for short).
* Basic operations are AND, OR, and NOT (see table below).
Widely used in mathematics, logic and computer science.

circuit design

operation Java notation logic notation (this lecture)

AND X && y XAy Xy

various notations
OR X ||y XVy X+YyY ¥ incommon use
NOT X - X x'

DeMorgan's Laws

(xy)' = (x"+ y")

Example: (stay tuned for proof) , o
(x +y)' =x'y

Relevance to circuits. Basis for next level of abstraction.

| George Boole
1815-1864

Poore orvers LuNcH (
— /@;\;E‘S, No,No, YES,
YES, No,NO,NO,YES ..

Copyright 2004, Sidney Harris
http://www.sciencecartoonsplus.com



Truth tables

A truth table is a systematic way to define a Boolean function
* One row for each possible set of arguments.
e Each row gives the function value for the specified arguments.
e Ninputs: 2N rows needed.

X X X y Xy X y Xx+y X NOR X
0|1 o o] o o o] o 0 1 0
1|o o 110 0o 1|1 o 1] o0 0
NOT 1 oo 1 0|1 1 oo 1
1 1|1 1 1|1 1 1o 1

AND OR NOR

XOR

XOR

© B B O



Truth table proofs

Truth tables are convenient for establishing identities in Boolean logic
e One row for each possibility.
 |dentity established if columns match.

Proofs of DeMorgan's laws

NOR
X y xy (x'y) x y x oy x'+y X Yy X+y (;(),+ x y x vy
o olol1 o ofzx]l1]| 1 o olol 1 0 ofl1]1
o 1lo0l1 o 1|10 1 o 1111 o0 0o 1|l1]o0
1 olol1 1 oflof1] 1 1 ol1l o 1 oflo]1
1 11l1le 1 1]lo]o]f o 1 10111 0 1 1|ofo
A\(xy)' = (x'+ y')j \ (x+ y) =x'y'

NOR

x'y

\ooon—\



All Boolean functions of two variables

Q. How many Boolean functions of two variables?

A. 16 (all possibilities for the 4 bits in the truth table column).

Truth tables for all Boolean functions of 2 variables

X y ZERO AND X y XOR OR NOR EQ % —X NAND ONE
0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
0 1 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
1 0 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1



Functions of three and more variables

Q. How many Boolean functions of three variables?

A. 256 (all possibilities for the 8 bits in the truth table column).

all extend to N variables

X 'y z AND OR NOR MAJ ODD Examples |
0 0 0 0 0 1 0 0 AND logical AND 0 iff any inputs is 0 (1 iff all inputs 1)
OR logical OR 1 iff any input is 1 (0 iff all inputs 0)
0 0 1 0 1 0 0 1 NOR logical NOR 0 iff any inputis 1 (1 iff all inputs 0)
0 1 0 0 1 0 0 1 MAJ majority 1 iff more inputs are 1 than 0
ODD odd parity 1 iff an odd number of inputs are 1
0 1 1 0 1 0 1 0
1 0 oflo|1f[0]o0]1 Q. How many Boolean functions of N variables?
1 0 1 0 1 0 1 0 N number of Boolean functions with N variables
4 =
1 1 olofl1lol1]o0 ; 228 2‘566
2N -
1 1 1|1|1|lofl1]1 A. 2% 4 216 = 65,536
] ] 5 232 =4,294,967,296
Some Boolean functions of 3 variables 6 264 = 18,446,744,073,709,551,616



Universality of AND, OR and NOT

Every Boolean function can be represented as a sum of products
* Form an AND term for each 1 in Boolean function.
e OR all the terms together.

X'yz+ xy'z+ xyz'+ xyz = MAJ

x
N

MAJ] x'yvz xy'z xyz' xyz
0 0 0

Def. A set of operations is universal if
every Boolean function can be expressed
using just those operations.

o O O o o o o

0
0
0
0
0

0

Fact. { AND, OR, NOT }is universal.

r »r kO O O o
P B O O KRB KRB O O <
b © B O =B O =B o
r r B OO B O O o

COONOLEN.

0
0
®
0
0
0
0

0
0
0
0
0
®
° 1™

Expressing MAJ as a sum of products



Image sources
http://en.wikipedia.org/wiki/George_Boole#/media/File:George_Boole_color.jpg

CS.19.B.Circuits.Algebra
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A basis for digital devices

Claude Shannon connected circuit design with Boolean algebra in 1937.

“Possibly the most important, and also the
most famous, master's thesis of the [20th]

— Howard Gardner

Key idea. Can use Boolean algebra to
systematically analyze circuit behavior.

A Symbolic Analysis of Relay and
Switching Circuits

By CLAUN E. SHANNON

L Introduction

l THE CONTROL snd gretective
circuits of complex electrical rystems
it i frequestly mscessary to mike in-
tricate interconpections of relay coutacts
snd switdhes. Examples of these cir-
cuits oceur i antomatie telephone ex-
changes, industrial motor-control eqalp-
ment, and in aleost asy clrcuits

P operations wato-
matically. Tos thsi pgeer 4 mathessatioal
wraiysie of cetain of the properties of
vach netwirke will T sude. Particular
attestion will Lo given 1o the problem of

setwurk synthesis, Given cortadn cur-
acteristin, it s requived to (id & direadt
incorporating these characteristics, The
sabtion of this type of problem is not
wsique a0 methods of finding theee par-
tiodur drosits requirog the bast num-
Yer of sehay contocts and switch blades
will be studied  Methods will also be
dencribied for finding any mumber of cir
euits eqalvalent to & gven circuit in all
gesuting chamcteristics, 1t wil be
sown that several of the well known
Uewrxs o impedasce aetwocks bave
roughly auadogous tioorens [n schy
circuits. Notable umong these are the
deltawye and star-tsesd tranidomations,
and the duality thearean.

The method of astack on these prob-
lems may be deseritnd brioty s filiun
any crceit i represnted by & set of
equations, the terms of the cgpmties
correspending 1o the various relays sl
owitchne in Whe cruit. A adadus B
devekoped for mazipehiting Cuse eqmi-
tions by seple mathomtical processes,
wost of which are wimilar te cdinary
algehraie algodisms. Ths cilouins
shown 10 be exactly anabgeos o (e
calcutus of propositions used in the sym-

b 3106
and uuul o e AL T
Wasn A ety —
st Mk T 1808 ade avadaide dor
g Mes

e by the AT
3 S s

MU o Vet et o =

1938, Vo 57

NRCUED STLDUNT ARE

alic stuly of logic For the synthesis
problen the desired charucteriatics wre
st writtes as & eystem of equations, aedd
12 aquations are then manipehted into
18 form moproeting e simplest cir.
cxt. The ok may then le immedi-
ately dravn froe the cgstins, By
this method it 3 alvays possible to ford
e simplet  crouil ing  only
saciee ol parallel comcectiaar, and i
rotmie cases the smphat cirewit comtaining
any type of comnection.

Qur notation is teken chiny from
symbalic Jogic.  OF the many systems m
cocumon use we have ciosen the coe
which seems simplest asd must spgrative
ke our interpretation, Scze of ow
phrasectogy, as node, mwesk, delta, wye,
e, B boerowed fromm cediosry metwork

st cirowi, & the symbol | (unity) to
rwn!nl the hindrance of as open cir-

Taus whea the crosit o4 is apen
,\. = 1 and when cosed Xy = O
Two bindranees X anl Xy will be

Now et the symbol -+ (plus) be defined
T tneas the series coanection of the two.
tarmizal drcuits whose hindrances are
wllod togecher.  Thus X,y + Lo fs the
Hindrance of the circult o when b and ¢
are conmectod tgether, Slmilaly the
produrt of two Rindrxoces XX of
moey beiedy XoX, wil te defined to
mean the Weskmne of the cirewit formed
Ly connecting the circuits @& and o in
paraliel. A relay contaet or ek will
be repeeseated in n crovit by the symbol
lu figare 1, the letter berg the cor:
respoadizg hindrazce function  Figure
2 shows ke interpretation of the phes
sign st fgure 3 the makiplication sgn.
This clunice of syelcls makes the ma
nipnilation of hindsaoses very smilar to
cedingry mumerical ulgeta.

Itds evident thut with the above defl
nitieus the Tollowsyy pestulates will hatd:

Postulatos
L oa 00=0 A cloesd cireusit in parallel with & o cireult 15 o ehosed
diremit.
141t An opens elrealt in secien with an opea chalt is an open
circic

T w140

D+ 1=1 Anopen cireuit in sories with & chowd coeuit in cither

order (i, whsther the ot cheuit 15 to the right or left
of 1he closed ireatt) 13 on open crc

5 0l=l0=0

A closed cieenit in ptﬁhs with an open cireit & sithe

ardes s 2 cioeed circy

3 s 0+0mD
circuit

L= A
Fenit

At any given tise eilhier X = Dor X = 1

-

thecey foc smilar coacepts [a switchlug
cireuits

I Series-Parallel
Two-Terminal Circuits

Frvnasentar, Divermoss
AND POSTULATES

We stull kmit our treatment to dr
cuits containing caly relay contocts and
witedo, and thesedore at any glven e
. two. teminaly
tnuet be cither open (inbite irxjedancs)
of elosed [smro impdancel. Lot s 15
sociate @ sybol X or more smply X,
with the serminals o and b, Th vark
able, & function of time, wit be called
the hindrazee of the two-terminal ce.
el ab. The ymbal O {rere) wil) be
used to0 represent the hindrance of 3

Skownon—Relay Cirenits

A st clrout -nn with & ched ccut is o dosed

pens elroult In parallel wifk s apes circuit is a2 opex

These are sufciont &2 develop wlf the
thearems which will be used in casnsetion
with circuits acetaining culy serics and
pantiel coapections,  The postulates sre
arrsnged (n paizs to emphasive 3 duslity
reltionshlp between tbe cperatioos of
adtion and multipbeation and the
qusntities 20 and ane, Thus, if in
axy of Ure a protulates the zeew's are e
placed by aoe's and the multiplicatioes
by sdditions and viee vessa, the on
reapemdiog b pestulite will ress. Thie
faet is of great importaee. [t giees
each theorem & dml theneem, it Teing
wocessry to geuve oaly ane te establish
both, The oaly eue of these postulites
which differs from ondizary algehra i 13,
Homerer, this enables great simplifies-
fioms s the manipelition of these
syrabiis

713

Claude Shannon

1916-2001
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A second level of abstraction: logic gates

boolean notation truth table classic our symbol under the cover proof
function symbol circuit (gate)
NOT ' 011 ' ' XX ff x i
X o|1 x —po— x X == = X liff xis O
1|0
L Xy Xy
11 - L1 v liffxandy
' 0 1] o0 = N : —(x+y) @ (x+y)
NOR (x +y) E | 0 y Oy NOR 1 are both 0
1 10
6( ())/ | %R )I( )I/ X Yy 11 L
| L] NOR ~
OR X+ y o L1 ST OR XXV T Y N
111 x+y = (x + y))
X y AND X X Yy _', L
0 00 . I -
AND Xy 0 1 I 0 y P AND —_ . Xy NOR
1 0|0




Multiway OR gates

OR gates with multiple inputs.
e 1 if anyinputis 1.
e 0 if all inputs are 0.

classic symbol our symbol
Uuvwxyz UVWXYy 2z
I

[ S - 111111
OR

|
U+V+W+Xx+y+2z

Multiway OR gates are oriented vertically _____
in our circuits. Learn to recognize them!

under the cover
UVWXYyZ

0 if inputs are 000000;
1 if any input is 1

examples
011000

+=H-HH =

000001

000000O0

A

24



Multiway generalized AND gates

Multiway generalized AND gates.
» 1 for exactly 1 set of input values.
e O for all other sets of input values.

gate function

uv wxyv 2z

AND UVWXyz
uv wxyv 2z
generalized u'vwx'y'z
NOR Uuvwxyz

uIVlWleylzl

t

sameas (U+V+W+X+y+2)

Might also call these "generalized NOR gates"; we consistently use AND.

inputs that output 1
11111

0000O0O

-

another set of inputs

01 1T000O
011000

0
010100

~-HH-o



Pop quiz on generalized AND gates

Q. Give the Boolean function computed by these gates.
Q. Also give the inputs for which the outputis 1.

uv wxy z

Sdlida

uv wxy z

Lkl ¥

x
<

®
-TN —t— N

x

-T<
N

x
<
N

&

X
<
N

e
=

Sk

26



Pop quiz on generalized AND gates

Q. Give the Boolean function computed by these gates.

Q. Also give the inputs for which the outputis 1.

uv wxy z

M uv'wxv'z 101101

uv wxy z

[ I}el}f I}e u'vwx'v'z 011001

Get the idea? If not, replay this slide, like flash cards.

Note. From now on, we will not label these gates.

x
<

x

-T<
N

x

<
N

!

f

x

<
N

x

<
N

e
=

<
N

P
te

x
<

<
N

000

001

010

011

100

101

110

111



A useful combinational circuit: decoder

Decoder
e ninput lines (address).
e 21 outputs.
e Addressed output is 1.
» All other outputs are O.

Example: 3-to-8 decoder

110 =6

W/

outputs 0-5
and 7 are O

output 6
is 1

28



A useful combinational circuit: decoder

Decoder

e ninput lines (address).

e 21 outputs.

e Addressed output is 1.
» All other outputs are O.

Implementation

Example: 3-to-8 decoder

e Use all 2" generalized AND gates with n inputs.
e Only one of them matches the input address.

Application (next lecture)

* Select a memory word for read/write.
e [Use address bits of instruction from IR.]

110 =6

W/

outputs 0-5
and 7 are O

output 6
is 1

29



Another useful combinational circuit: demultiplexer (demux)

Demultiplexer
e n address inputs.
e |1 data input with value x.
e 21 outputs.

* Addressed output has value x.

o All other outputs are 0.

Example: 3-to-8 demux

101

W

X

js/

outputs 0-4
and 6-7 are O

output 5
has value x

30



Another useful combinational circuit: demultiplexer (demux)

Demultiplexer
e n address inputs.
e |1 data input with value x.
e 21 outputs.
* Addressed output has value x.
o All other outputs are 0.

Example: 3-to-8 demux

Implementation
e Start with decoder.
 Add AND x to each gate.

Application (next lecture)
e Turn on control wires to implement instructions.
e [Use opcode bits of instruction in IR.]

\
| O
el 1
lf | 2
| I
LW 3
- outputs 0-4
k y and 6-7 are O
3
L Lk 5 I output 5
I L / has value x
M kkllel 6
b | I
7

31



Decoder/demux

Decoder/demux
e n address inputs.
e |1 data input with value x.
e 27 output pairs.
» Addressed output pair has
value (1, x).
» All other outputs are O.

Example: 3-to-8 decoder/demux

output pairs 0-4
and 6-7 are (0, 0)

|

I output pair 5
— has value (1, x)

32



Decoder/demux

101 =5 X
&l{
DeCOder/demljlx Example: 3-to-8 decoder/demux |_/
e n address inputs. '
e 1 data input with value x. F
e 27 output pairs. L
, e
* Addressed output pair has L —
value (1, x). L !
» All other outputs are O. b L

; output pairs 0-4
Implementation and 6.7 are (0, 0)
* Add decoder output to demux.

=
<

1%
(X
B

. output pair 5
— has value (1, x)

Application (next lecture) -}5}514‘:

* Access and control write of memory word

* [Use addr bits of instruction in IR.] &E

33



Creating a digital circuit that computes a boolean function: majority

Use the truth table

* |dentify rows where the function is 1.
e Use a generalized AND gate for each.
e OR the results toaether.

Example 1: Majority function

x y z MAJ
0o 0 0] o0
0o 0 10
0o 1 0] o0
0o 1 1 @
1 0 0] o
1 o 1 |(2)
1 1 o |(1)
1 01 1 @

MAJ = x'yz + xy'z + xyz'+ xyz

term

X'yz

Xy'z
Xyz

Xyz

gate

33

multiway
Xyz OR gate

l

T

s

T

£

kx|

X

MA)
majority circuit

110

W

MAJ

S~ MAJis 1
example

34



Creating a digital circuit that computes a boolean function: odd parity

Use the truth table

* |dentify rows where the function is 1.
e Use a generalized AND gate for each.
e OR the results toaether.

Example 2: Odd parity function

x

Pk P P R O O O O
R O O rBr Rr O O <

1

ODD =x'y'z+ x'yz'+ xy'z'+ xyz

o RBr O B O KB O N

=

ODD

0

term
X'y'z

X'yz

xy'z

Xyz

gate

L

F

multiway
Xyz OR gate

l

™

™

E.3

R |

X

ODD
odd parity circuit

110

W

OoDD

EL
E
ﬂp&

S~ 0DDis 0
example 35




Combinational circuit design: Summary

Problem: Design a circuit that computes a given boolean function.

Ingredients
* OR gates.
e NOT gates.
e NOR gates >use to make generalized AND gates

e Wire.

Method
e Step 1: Represent input and output with Boolean variables.
e Step 2: Construct truth table to define the function.
e Step 3: Identify rows where the function is 1.
» Step 4: Use a generalized AND for each and OR the results.

Bottom line (profound idea): Yields a circuit for ANY function.
Caveat: Circuit might be huge (stay tuned).

P P PR RO O O O Xx
R R O O R KRB O O X<
R O Rr O KRB O F O N

B0 = =

PR

Xyz

MAJ

RIE]

F

MAJ

P P PR RO O O O X%

Xyz

P PR O O R KRB O O <
R O Rr O Rr O K O N

O--0-00- §

PR

l' ODD

ODD

36



Pop quiz on combinational circuit design

Q. Design a circuit to implement XOR(x, v).

37



Pop quiz on combinational circuit design

Q. Design a circuit to implement XOR(x, v).

A. Use the truth table
* |dentify rows where the function is 1.
e Use a generalized AND gate for each.
* OR the results toaether.

XOR function

XOR
0 term  gate

OIT"
<:> xy' —ﬁL

R R O O X
R O R O X<

0

XOR = X'y + xy'

circuit

Xy

™

T

interface

XOR

38



Encapsulation

Encapsulation in hardware design mirrors familiar principles in software design
 Building a circuit from wires and switches is the implementation.
* Define a circuit by its inputs, controls, and outputs is the API.
* We control complexity by encapsulating circuits as we do with ADTs.

|
|
pd
@)
|

|

|
Il

ODD

I
DECODER

DECODER/DEMUX

DEMULTIPLEXER

MAJ |
XOR -

OR



Image sources

http://en.wikipedia.org/wiki/Claude_Shannon#/media/File:Claude_Elwood_Shannon_(1916-2001).jpg
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Let's make an adder circuit!

Adder
e Compute z=x + vy for
n-bit binary integers.

e 2ninputs. 0 0 0 ] 0 ] ] 23
* n outputs. ¢ 0 ‘ ‘ 0 0 0 + 49
e Ignore overflow. ADD

Example: 8-bit adder

carry
out

+
oo O O
—|lo o —
o|— o —
oO|— — O
—|lo o —
o|lo = —
oo = —
o|— — O

42



Let's make an adder circuit!

Adder

e Compute z=x + vy for
n-bit binary integers.

e 2ninputs.
* n outputs.

* Ignore overflow.

Example: 8-bit adder

carry
out

Cs C7 Co Cs (4
X7 X6 Xs Xa

+ V7 V6 Y5 Ya

C3
X3
V3

()
X2

y2

Ci
X1

)4

Xo
Yo

Z7 Zo 2Zs5 Z4

Z3

22

V4

20

43



Let's make an adder circuit!

Goal: z=x+ y for 8-bit integers. Cs C7 C6 Cs ca 3 2 &1 O

. . . X7 X6 X5 X4 X3 X2 X1 Xo
Strawman solution: Build truth tables for each output bit.

27 Z6 Zs Z4 23 22 Z1 Z0

X7 X6 Xs Xa X3 X2 X1 Xo Y7 Ve Vs Va Y3 V2 Vi Yo Ca Z7 Ze Zs Z4 Z3 22 Z1 20

O 0O0OO0OOOOOOOOOOUO OO OTQO]|Oojolo]o}jolo]jo}]o0]o0
O 0O0OOOOUOOUOOOOOUO OO OT]OojolOo]lof1]O]O]O]T
O 0O0OO0OOOOOOOOOOUOTOolojolo]rf|otojofryo
8-bit adder
truthtable 0 0 0 0 0O 0 OOOOOOUOTO OT 1T|Oo(Ojof1}jr|O]Of1]1 216 = 65536 rows!

Q. Not convinced this a bad idea?

A. 128-bit adder: 2256 rows >> # electrons in universe!



Let's make an adder circuit!

Goal: z=x+ y for 8-bit integers.

Do one bit at a time.

e Build truth table for carry bit.

e Build truth table for sum bit.

Ci Cir1  MAJ
0 0

x
=

carry bit

R P B B O O O ©
R R O O B KB O O
R O B O B O KL O
R Bk B O B O O
R Bk R O B O O

A surprise!

e Carry bit is MAJ.
e Sum bit is ODD.

sum bit

x

P B B B O O O O

=

R B O O B Br O O

Q

) © B O B O B O

Cs C7 G Cs ¢4 3 2 a1 O
X7 X6 Xs Xa X3 X2 X1 Xo

T Y7 Ve ¥Vs Va y3 V2 Y1 Yo
Z7 Z6 Zs Z4 Z3 Z2 Z1 20

Zi ODD

0 0

1 1

1 1

0 0

1 1

0 0

0 0

1 1
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Let's make an adder circuit!

Goal: z=x+ y for 4-bit integers.

Do one bit at a time.
e Carry bit is MAJ.
e Sum bit is ODD.
e Chain 1-bit adders
to "ripple" carries.

Cs C7 C6 G ¢4 ¢z c2 a1 O

X7

X6
Ve

X5
Vs

X4
V4

X3
V3

X2
V2

X1
)4

Xo
Yo

Z7

Zs

Zs

Z4

Z3

22

V4

20

X7 V7 X6 V6 X5 V5 X4 Va4 X3 V3 X2 V2 X1 Vi X0 Yo
Y ‘Y Y Y \ Y \ Y "
7 €6 65 L Ca 63 C2 L €0
MA)J MAJ MAJ MAJ MA) MA)J MAJ MA)J
] 1 | ] ] ] ]
ODD ODD ODD ODD ODD ODD ODD ODD
I I I I I I I I
Z7 Z6 Zs Z4 Z3 Z2 Z1 20
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An 8-bit adder circuit
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Layers of abstraction

Lessons for software design apply to hardware
* Interface describes behavior of circuit.

e Implementation gives details of how to build it.
* Exploit understanding of behavior at each level.

Layers of abstraction apply with a vengeance
e On/off.
e Controlled switch. [relay, pass transistor]
e Gates. [NOT, OR, AND]
* Boolean functions. [MAJ, ODD]
* Adder.
e Arithmetic/Logic unit (next).
e CPU (next lecture, stay tuned).

Vastly simplifies design of complex systems and enables use of new technology at any layer

MAJ

PSP

AEEE

MAJ

MAJ

MAJ

MAJ

MAJ

MAJ

MAJ

oDD

1
oDD

1
oDD

I
oDD

1
oDD

1
oDD

obD
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19. Combinational Circuits

* Building blocks

* Boolean algebra

e Digital circuits

e Adder circuit

* Arithmetic/logic unit

CS.19.E.Circuits.ALU



Next layer of abstraction: modules, busses, and control lines

Basic design of our circuits
e Organized as modules (functional units of TOY: ALU, memory, register, PC, and IR).
* Connected by busses (groups of wires that propagate information between modules).
* Controlled by control lines (single wires that control circuit behavior).

Convent.|ons input <
e Bus inputs are at the top, busses
input connections are at the left.
e Bus outputs are at the bottom,
. . control
output connections are at the right. lines <
e Control lines are blue.

T ] Output
. . . — bUS
These conventions make circuits easy to understand.
(Like style conventions in coding.)
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Arithmetic and logic unit (ALU) module

Ex. Three functions on 8-bit words pnpUL

e Two input busses (arguments). .

e One output bus (result). ALU (8 b’t)

e Three control lines.
ADD

control
lines XOR

AND
output

bus
52



Arithmetic and logic unit (ALU) module

Ex. Three functions on 8-bit words input

USRS —_—
-'IC')womput busses (arguments). %%ﬂ = e & & TR,
e One output bus (result). %LL %LL ol | (e | (| (| (el (e
e Three control lines. ﬁ ﬁ Tl (] ([l |l | ol [firl L
o Left-right shifter circuits omitted ii—kL; iﬁk; (3 || || | e (], | T,
(see book for details). E%t‘ E%i_-ﬁﬂL_ ST P P P
Implementation % % Ll T @_ il @_
e One circuit for each function. e | ;'@L; ﬂ; @P; @P; ﬂ; @;‘
e Compute all values in parallel. i G i i @»7 (m«r €2
1> 1) -1) 1> 1> 1> 1> 1)
Q. How do we select desired output?  control EsZl EsZ s Esd s Es2 s Es:
B e e e e
A. "One-hot muxes" (see next slide). [ 3 3 3 3 3 3 } }

"Calculator" at the heart of your computer. ‘/

ADD

XOR

AND

output
bus
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A simple and useful combinational circuit: one-hot multiplexer

One-hot multiplexer

selection .
e m selection lines inputs \ o B \
. —— all other
e mdata Inputs 0 select —— < datainputs
input 3 ignored
e 1 output. N - 1 N
) ] ) this is a precondition — —
e At most one selection line is 1. «<— unlike other circuits 1 data
. we consider input 3 —__
e Output has value of selected input. 5 is 0
2
|‘\output
3 isO
T T
4 __
data A4 —
inputs
data /
input 3 —
| is 1
output
P I‘\output

is 1
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A simple and useful combinational circuit: one-hot multiplexer

multiway

_ OR gate
One-hot multiplexer l
* m selection lines 0 —

* m data inputs
e | output.

1
e At most one selection line is 1. 1 !,!,

e Qutput has value of selected input.

AND gate—0> P

Implementation

3
e AND corresponding selection and data inputs. 3 !,!,

e OR all results (at most one is 1). v

Applications e
* Arithmetic-logic unit (previous slide). L*
e Main memory (next lecture).

select

input 3 N

data ﬂ

input 3
is 0

‘\output
isO
data ﬂ-
input 3
is 1
4
\output

Important to note. No direct connection from input to output. a virtual selection switch

is 1
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Summary: Useful combinational circuit modules

ALU

DEMUX
DECODER/DEMUX
|

Next: Registers, memory, connections, and control.
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